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Generation of fluctuations
 The quantum fluctuations associated to scalar and tensor modes are amplified by the nearly 
exponential expansion to squeezed states on super-Hubble scales (which resemble classical states).

Grischuck 1972

Starobinsky 1979

Rubakov et al 1982

Fabbri & Pollock 1983

Abbott & Wise 1984 

Mukhanov 1985, 1988

Sasaki 1986
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Slow-roll predictions

Amplitude and tilts of curvature and tensor perturbation are linked to the physics of inflation to first  
order in slow-roll parameters
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To lowest  order in slow-roll parameters:

under the assumption of a standard kinetic term (Klein-Gordon Lagrangian), Bunch-Davies vacuum, 
featureless potential.
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r =
Pt(k⇤)

PR(k⇤)
⇡ 16✏V ⇡ �8nt

Tensor spectral index fixed to the tensor-to-scalar ratio by the so-called consistency condition 
for a standard kinetic term:

fNL ⇡ O(✏V , ⌘V ) in agreement with the Planck constraints on the bispectrum.

 Planck 2013 results XXIV: 

Constraints on primordial non-Gaussianities

Slow-roll predictions: 2

For a standard kinetic term:



The slowly evolving potential and slow-roll parameters are evaluated when the wavelength 
crosses the Hubble radius N* e-folds before the end of inflation:
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Standard choice to consider 50 < N < 60. 

The main uncertainty arises in establishing the correspondence 
between the comoving wavenumber today, and the inflaton energy 
density when the mode of that wavenumber crossed the Hubble 
radius during inflation. This correspondence depends both on the 
inflationary model and on the cosmological evolution from the end 
of inflation to the present.



Cosmological Models
Given a model M with free n parameters x ≡ {x1,··· ,xn} and a likelihood function of the data 
L(data|x), the (posterior) probability density P as a function of the parameters can be 
expressed as

P(x̂|data,M) / L(data|x̂) · P (x̂|M)
where                  represents the data-independent prior probability density.P (x̂|M)
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Likelihood inputs: Planck TT

The Planck CMB likelihood is based on a hybrid approach: 
a. Gaussian likelihood approximation based on temperature pseudo cross-spectra 
b. Map based temperature and polarization likelihood at low multipoles.



The small-scale Planck temperature likelihood is based on pseudo cross-spectra between pairs 
of maps at 

100 GHz    fsky = 0.49     50< l < 1200
143 GHz    fsky = 0.31     50< l < 2000 
217 GHz    fsky = 0.31     50< l < 2500 (for 143x217 as well)

The foreground model used in the Planck high-likelihood includes contributions to the auto 
and cross-frequency power spectra from unresolved radio point sources, CIB, tSZ and kSZ 
effects, for a total of eleven adjustable nuisance parameters. In the analysis two calibration 
parameters (for the 100 GHz and 217 GHz relative to the 143 GHz) and one amplitude for the 
dominant beam uncertainty are also left free to vary (the other beam uncertainties are 
marginalized analytically). The total sums to fourteen parameters for the high-l likelihood.



The low-l Planck likelihood combines the Planck temperature data with the large angular 
scale 9-year WMAP polarization data for this release. Following Page et al. 2006, the 
temperature and polarization likelihood can be separated assuming negligible noise in 
the temperature map. 

The temperature likelihood is based on a Gibbs approach, mapping out the distribution of the 
l < 50 CMB multipoles from a foreground-cleaned combination of the 30-353 GHz maps. 

The polarization likelihood uses a pixel-based approach using the WMAP 9-year 
polarization maps at 33, 41, and 61GHz , and includes the temperature-polarization 
cross-correlation. Its angular range is l <23 for TE, EE, and BB.  

 Planck 2013 results XXV: CMB power spectra and likelihood

 Planck 2013 results XXVI: Cosmological parameters
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Planck lensing

Credit: ESA and the Planck Collaboration.
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A detection of lensing > 25 σ

Credit: ESA and the Planck Collaboration.

Planck 2013 results XVII: Gravitational lensing 

                                      by large scale-structure 
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High-l CMB
ACT (Atacama Cosmology Project) and SPT (South Pole Telescope).  

ACT measures the power spectrum at 148 and 218 GHz, and the cross-spectrum, and covers 
angular scales 500 < l < 10000 at 148 GHz and 1500 < l < 10000 at 218 GHz. The range l 
>1000 is used in combination with Planck. 

SPT measures the power spectrum for angular scales 2000 < l < 10000 at 95, 150, and 220 
GHz
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BAO
The Baryonic Acoustic Oscillation angular scale, extracted from galaxy redshift surveys, acts 
as a standard ruler and provides a constraint on the late-time geometry, breaking 
degeneracies with other cosmological parameters. These are the same oscillations we see on 
the CMB power spectrum, but now in the distribution of galaxies. 

In this analysis we consider a combination of the measurements by the 6dFGRS (z= 0.106), 
SDSS-II (z = 0.35), and BOSS CMASS (z = 0.57) surveys, assuming no correlation between 
the three data points. We do not consider WiggleZ. 
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 WMAP 9 yr result:       τ = 0.089±0.014 

Baseline ΛCDM
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 Planck 2013 results XXVI: Cosmological parameters
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When adding BAO, HZ plus YP or Neff  provide -2 Δ ln(Lmax) = 4.6 or 8.
Even with general reionization instead of the optical depth the HZ provides  -2 Δ ln(Lmax) = 12.5%

HZ
A scale invariant spectrum for curvature perturbations was proposed by Harrison, Zeldovich, 
Peebles and Yu as an explanation of observations at the begininning of 70’s.

For scalar field driven inflation, ns=1 can be obtained with r ≠ 0.
ns=1 is a threshold value for blue scalar spectral index for inflationary models.  
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ns<1
ns = 0.9603±0.0073 (68%; Planck+WP)

ns = 0.9585±0.0070 (68%; Planck+WP+highL)

(68%; Planck+WP+BAO)ns = 0.9608±0.0054 

 Planck 2013 results XXVI: Cosmological parameters
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Tensors

V⇤ < (1.94⇥ 1016 GeV)4 (95%; Planck+WP)
H⇤
Mpl

< 3.7⇥ 10�5 Mpl = 2.435⇥ 1018GeV(95%; Planck+WP)

nt ⇡ �r/8

The new bound from Planck is consistent with the limit from temperature anisotropies alone and 
improves on previous bounds: r <0.38 (WMAP 9), r<0.28 (WMAP 7+ACT 2013), r<0.18 (WMAP7 + 
SPT 12). 

Current bounds based on B-polarization are weaker: r<0.73 (BICEP), r<2.8 (QUIET)    

The precision in the determination of the higher acoustic peaks breaks the degeneracy ns-r which has 
plagued previous experiments. 



Planck vs the present...
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See Bucher’s talk tomorrow 



Inflationary Models
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Robustness
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Running

(68%; WMAP 1 + 2dFGRS + Lyα)
(68%; WMAP 7 + SPT 12)

A hint for a negative running has been claimed in several previous investigations 

WMAP 1 (Peiris et al. 2003):    
....
to SPT12 (Hou et al. 2013):

dns/d ln k = �0.055+0.028
�0.029

dns/d ln k = �0.024± 0.011

dns/d ln k = �0.028± 0.010 (68%; WMAP 7 + SPT 12 + BAO + H0)

dns/d ln k ⇡ +16✏V ⌘V � 24✏2V � 2⇠2V

Such non-negligible running as from SPT12, roughly larger than one order of magnitude wtr to 
the predictions of the simplest SR models and of the same order of the tilts, would point to a very 
peculiar class of inflationary models in which the third derivative of the potential is not 
suppressed when the observable scales exit from the Hubble radius 
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Such non-negligible running might also end inflation well before than 40-50 e-folds after the 
observable scales exit from the Hubble radius. 

Generically non-zero, but small
Standard SR models predict 
O(10-3), below Planck sensitivity

ns ,t(k) = ns ,t(k⇤) +
dns ,t

d ln k
|k=k⇤ ln(k/k⇤)

Kosowsky & Turner 1992
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Lack of power at low multipoles
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ΩK + r  
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Including running (ΩK + r + d ns /d ln k):  



Constraints on post-inflationary epoch
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Observable window of inflation
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Relax the slow-roll approximation by 
evolving fluctuations numerically

Taylor expansion of the potential around 
the pivot scale up to fourth order

Conservative constraints since no 
assumption on how many e-folds before 
the end inflation these modes exit from 
the Hubble radius and the subsequent 
era are made.

When the assumption of power-law spectra is relaxed, no “plateau” (ref. Ijjas, Steinhardt & Loeb,  
arXiv: 1304.2785) in the inflationary potential is seen (in qualitative analogy to the results obtained 
when the wavelength dependence of the spectral index is included). Planck points to a class of 
potentials, which might have interpretation for the subject of initial condition for the inflaton (ref. 
Hertog, arXiv: 1304.2785)  

Lesgourgues & Valkenburg 2007
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Planck measurement is probing slow-roll inflationary predictions essentially to second order.
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Parametric searches for primordial power 
spectrum features

10�4 10�3 10�2 10�1

k [Mpc�1]

10
9

P R
(k

)

2

3

Mainly motivated by the anomalies at l < 40, various twists to the simplest SR inflationary models 
have been proposed.  

Just enough e-folds, i.e. inflation as short as possible 
induce a cut-off in the primordial spectrum taken here 
as exponential 
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Reconstruction of the primordial power 
spectrum

Blind reconstruction of the primordial power spectrum from Planck data.

Feature at l = 1800, more prominently at 217 GHz. Origin probably not primordial.

Bucher & Gauthier 2012



Only through the combination of non-gaussianities constraints and temperature 
likelihood, non trivial constraints on inflation with generalized Lagrangian can be 
obtained.  

Combined analysis with fNL constraints
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P (�, X) = �f(�)�1
p

1� 2f(�)X + f(�)�1 � V (�)

DBI Model

cs > 0.07 (95%; Planck)

ε1 < 0.042 (95%; Planck)

Santander, June 24th, 2013
Exploring the Physics of Inflation



Constraints on initial conditions
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Connection with multi-field inflation

Isocurvature perturbations can be generated in multi-field inflationary models:  

Single field inflation cannot generate isocurvature fluctuations

Isocurvature fluctuations can feed curvature perturbation on large scales, but the opposite is not true

R = �H

PN
i=1 �̇iQi

�̇2
�sij =

�̇iQj � �̇jQi

�̇

�̇2 ⌘
NX

i=1

�̇2
i

Curvature and isocurvature fluctuations are generated with non-zero cross-correlation if the 
trajectory in the field space is curved.

Santander, June 24th, 2013
Exploring the Physics of Inflation
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We study each isocurvature mode at a time.

Different parametrizations are available for the full general case including cross-
correlation with non-trivial dependence on the wavelength.

We adopt a two-scale parametrization instead of an amplitude and a spectral tilt 
for the most general 6-parameter combination (k1 =0.002 Mpc-1 and k2 =0.1 Mpc-1 ). 
We also provide constraints at the standard Planck pivot scale k =0.05 Mpc-1

�
iso

(k) =
PII(k)

PRR(k) + PII(k)
↵RR(`

min

, `
max

) =
(�T )2RR(`

min

, `
max

)

(�T )2
tot

(`
min

, `
max

)

↵RI(`min

, `
max

) =
(�T )2RI(`min

, `
max

)

(�T )2
tot

(`
min

, `
max

)

↵II(`min

, `
max

) =
(�T )2II(`min

, `
max

)

(�T )2
tot

(`
min

, `
max

)

(�T )2X(`
min

, `
max

) =
`
maxX

`=`
min

(2`+ 1)CTT
X,`



Special cases for CDM isocurvature perturbations as:

     - fully correlated, motivated by the curvaton scenario in which a second field, different 
from the inflaton, generates the primordial curvature perturbations by decaying into CDM. 
     - uncorrelated with a scale invariant spectrum, such as for an axion, a light and 
decoupled field during inflation.
     - fully anti-correlated: as soon as we include an anti-correlation between curvature and 
CDM isocurvature a slight improvement in the Δχ2 emerges. 

Fully correlated and uncorrelated perturbations are not preferred and strongly constrained, 
<0.0025 and <0.039 (95%; Planck+WP).  

Santander, June 24th, 2013
Exploring the Physics of Inflation



Implications for axion CDM isocurvature
The axion field was proposed to solve the strong CP problem and constitutes a well-motivated 
dark matter candidate. The axion is the Goldstone boson of the broken Peccei-Quinn (PQ) 
symmetry and may induce significant isocurvature perturbations: if inflation takes place after 
PQ symmetry breaking, the quantum fluctuations of the inflaton are responsible for primordial
curvature perturbations, while those of the axion field generate primordial isocurvature 
perturbations.  

After the QCD transition, when one of the vacua becomes preferred giving the axion field a 
mass, the axions behave as cold dark matter. This way of producing axionic dark matter is 
called the misalignment angle mechanism. In such a scenario, the CMB anisotropy may 
include significant power from CDM isocurvature fluctuations.

With the Planck constraint and under the assumption that CDM is fully constituted by axion:
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The case of uncorrelated adiabatic and scale-invariant isocurvature fluctuations has 
implications on the energy scale of inflation in this scenario:



Implications for curvaton model

The Planck + WP constraints derived for fully correlated mixture of isocurvature and curvature 
perturbations have implications for the curvaton models under the hypothesis that CDM is created 
by the curvaton decay:

In the curvaton scenario primordial curvature perturbations are generated by a second field during 
inflation.
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curvaton

3⇢
curvaton

+ 4⇢
radiation
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The constraint rD > 0.98 (95%; Planck+WP) derived from isocurvature perturbations is consistent 
with the one derived from Planck non-gaussianities bound,
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 Planck 2013 results XXIV: 

Constraints on primordial non-Gaussianities

Santander, June 24th, 2013
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Conclusions
Standard single inflation is in agreement with the temperature and lensing power spectra of 
the Planck nominal mission. ns =1 disfavoured at 6 sigma and r <0.11. Planck constraints on 
ΩK and fNL also support the prediction of the simplest models. Preference for a locally 
concave potential.

No statistical evidence of running spectral index (differently from WMAP 7 + SPT 12), 
Planck data cope with the slow-roll paradigm to second order.  

First inflationary model proposed by Starobinsky in 1980 provide a good fit; same 
prediction of Higgs inflation. 

Planck (+ WP) prefer adiabatic initial condition for primordial perturbations.

Large scale anomalies, such as low amplitude in the low multipoles, are not due to WMAP 
unaccounted systematics and are seen by Planck as well. Extensions of the minimal single 
field inflationary scenario can provide a theoretical framework for the anomalies at l < 40, as 
for the case of anti-correlated isocurvature perturbations, wavelength dependence of the 
scalar spectral index, cut-off of the primordial power spectrum, features in the inflationary 
potential.

Santander, June 24th, 2013
Exploring the Physics of Inflation
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